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Abstract
We give a necessary geometrical condition for a domain in Euclidean n-space to be a (q,p)-Poincaré
domain with 1 p < ∞ and 0 < q < p. We also show that our bound for p is sharp, when q  1 is fixed.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
A bounded domain D in Euclidean n-space is a (q,p)-Poincaré domain, q > 0, p  1, if
there is a positive constant C < ∞ such that
inf
c∈R
(∫
D
|u − c|q dy
) 1
q
 C
(∫
D
|∇u|p dy
) 1
p
,
holds for all u ∈ W 1,p(D). The question of whether or not a domain is a (q,p)-Poincaré do-
main is well studied in the case 1  p < n and p  q  n−p
n−p . For example, John domains
are (pn/(n − p),p)-Poincaré domains, [2], and domains satisfying a quasihyperbolic boundary
condition are (p,p)-Poincaré domains as are star-shaped domains, [6]. The (np/(n − p),p)-
Poincaré inequality has also been studied in the case p < 1 with additional requirements for
functions, [3].
* Corresponding author.
E-mail addresses: petteri.harjulehto@helsinki.fi (P. Harjulehto), ritva.hurri-syrjanen@helsinki.fi
(R. Hurri-Syrjänen).0022-247X/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2007.03.072
62 P. Harjulehto, R. Hurri-Syrjänen / J. Math. Anal. Appl. 337 (2008) 61–68Our goal is to study domains that are not (p,p)-Poincaré domains. A ‘rooms and passages’
domain G, Section 3, provides a good starting point. It is known that G is a (p,p)-Poincaré
domain if and only if p  (n − 1)(a − 1), where a > 1 determines how narrow the passages can
be, [6, Section 5], and special cases in [1, Theorem 8], [5, 2.2(iii)] and [4, Example 6.1.1]. We
are interested in what happens if 1 p < (n − 1)(a − 1), and therefore it is natural to study the
situation, where 0 < q < p.
Our necessary condition, Theorem 2.4, yields that G is a (q,p)-Poincaré domain, whenever
p > p0(a,n, q) for some fixed p0 depending only on n, a and q , Theorem 3.4. If p  p0(a,n, q)
and q  1, then it is possible to construct functions to show that G is not a (q,p)-Poincaré
domain, Theorem 3.1. In the plane case we fix a and have a concrete example of a domain:
(p,p)-Poincaré, and hence also (1,p)-Poincaré, for large values of p. This domain is not (p,p)-
Poincaré, or even (1,p)-Poincaré, when p is sufficiently close to one, but for intermediate values
of p the domain is (1,p)-Poincaré domain, however it is not a (p,p)-Poincaré domain, Re-
mark 3.6. Our proof is based on a decomposition of the underlying domain into (q,p)-Poincaré
domains. This method is a generalization of [6, Theorem 4.4].
2. Poincaré decomposition
For a bounded domain D in Rn we write D ∈ P(q,p), where 1 p < ∞ and 0 < q < p, if
there exists a finite positive constant κq,p(D) such that
inf
c∈R
(
−
∫
D
|u − c|q dy
) 1
q
 κq,p(D)
(
−
∫
D
|∇u|p dy
) 1
p
(2.1)
for all u ∈ W 1,p(D). The constant κq,p(D) depends only on p, q and D. Domain D is called
a (q,p)-Poincaré domain. By Hölder’s inequality D is a (q,p)-Poincaré domain whenever D
is a (p,p)-Poincaré domain and furthermore κq,p(D) κp,p(D). Note that usually the inequal-
ity (2.1) is written in the form
inf
c∈R
(∫
D
|u − c|q dy
) 1
q
 κq,p(D)|D|
1
q
− 1
p
(∫
D
|∇u|p dy
) 1
p
and κq,p(D)|D|
1
q
− 1
p is referred to as a (q,p)-Poincaré constant.
A bounded domain D in Rn is called a strong (q,p)-Poincaré domain if(
−
∫
D
|u − uD|q dy
) 1
q
 κ¯q,p(D)
(
−
∫
D
|∇u|p dy
) 1
p
(2.2)
for all u ∈ W 1,p(D) with κ¯q,p(D) < ∞. For q  1, it is easily seen that a domain D is a
(q,p)-Poincaré if and only if it is a strong (q,p)-Poincaré. Furthermore κq,p(D) κ¯q,p(D)
2κq,p(D), see [6, Lemma 2.3].
A collection C(D) = {D0,D1, . . . ,Dk} of bounded domains in Rn with Dk = D is said to be
a chain from D0 to D whenever Di ∩ Dj = ∅ if and only if |i − j |  1. The length of a chain
C(D) is denoted by (C(D)) = k.
Let W be a collection of bounded strong (q,p)-Poincaré domains. Let us fix constants N  1
and c1 > 0. We will call W a (q,p)-Poincaré decomposition of a domain G, if
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(ii) ∑D∈W χD(x)NχG(x) for all x ∈Rn, and
(iii) there is a domain D0 ∈W such that for each D ∈W there is a chain C(D) = {D0,D1, . . . ,
D(C(D))−1,D} of domains in W with
max
{|Di |, |Di+1|} c1|Di ∩ Di+1| (2.3)
for i = 1, . . . , (C(D)) − 1.
For each D in W we fix a chain C(D) satisfying (2.3) and call this the Poincaré chain from
D0 to D.
For a fixed A ∈W we write
A(W) = {D ∈W: A ∈ C(D)}.
2.4. Theorem. Let G be a bounded domain in Rn and letW be a (q,p)-Poincaré decomposition
of G with constants N and c1, where 1 p < ∞ and 0 < q < p. If∑
D∈W
κ¯q,p(D)
pq
p−q |D| = l1 < ∞ (2.5)
and ∑
D∈W
κ¯q,p(D)
pq
p−q +ε|D| = l2 < ∞ (2.6)
for some positive ε, and if there is a constant c2 > 0 such that∑
D∈A(W)
max
{
1, 
(C(D))q−1}|D| c2κ¯q,p(A)ε p−qp |A| (2.7)
for every A ∈W , then the domain G is a (q,p)-Poincaré domain with a constant
κq,p(G) = 2
|q−1|
q
(
l
p−q
pq
1 + 2
|q−1|
q c
1
q
1 c
1
q
2 l
p−q
pq
2
)
N
1
p |G| 1p − 1q .
Proof. Let D0 be a fixed domain in W . By the elementary inequality |a + b|q  2max{q−1,0} ×
(|a|q + |b|q), with 0 < q < ∞, we obtain(∫
G
|u(x) − uD0 |q dx
) 1
q

( ∑
D∈W
∫
D
∣∣u(x) − uD0 ∣∣q dx
) 1
q
 2
|q−1|
q
( ∑
D∈W
∫
D
∣∣u(x) − uD∣∣q dx) 1q
︸ ︷︷ ︸
=:I
+ 2 |q−1|q
( ∑
D∈W
∫
D
|uD − uD0 |q dx
) 1
q
︸ ︷︷ ︸
=:II
. (2.8)
The term I in (2.8) is estimated by the strong (q,p)-Poincaré inequality in D, Hölder’s inequal-
ity for sums with (p , p ) and the condition (2.5)q p−q
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( ∑
D∈W
κ¯q,p(D)
q |D|1− qp
(∫
D
∣∣∇u(x)∣∣p dx) qp) 1q

( ∑
D∈W
(
κ¯q,p(D)
q |D|1− qp ) pp−q ) p−qpq ( ∑
D∈W
∫
D
∣∣∇u(x)∣∣p dx) 1p
 l
p−q
pq
1 N
1
p
(∫
G
∣∣∇u(x)∣∣p dx) 1p . (2.9)
We are left to handle the term II in (2.8). Let us connect every domain D to a fixed domain D0
by a Poincaré chain C(D) = (D0,D1, . . . ,Dk−1,D). By the inequality(
k∑
i=1
ti
)q
max
{
1, kq−1
} k∑
i=1
t
q
i
with 0 < q < ∞, we obtain
II 
( ∑
D∈W
∫
D
max
{
1, 
(C(D))q−1} (C(D))∑
i=1
|uDi − uDi−1 |q dx
) 1
q
=
( ∑
D∈W
∫
D
max
{
1, 
(C(D))q−1} (C(D))∑
i=1
−
∫
Di∩Di−1
|uDi − uDi−1 |q dy dx
) 1
q

( ∑
D∈W
|D|max{1, (C(D))q−1} (C(D))∑
i=1
|Di ∩ Di−1|−12|q−1|
{∫
Di
∣∣u(y) − uDi ∣∣q dy
+
∫
Di−1
∣∣u(y) − uDi−1 ∣∣q dy
}) 1q
.
By the strong (q,p)-Poincaré inequality and condition (2.3)
II  2
|q−1|
q
( ∑
D∈W
|D|max{1, (C(D))q−1} (C(D))∑
i=1
|Di ∩ Di−1|−1
·
{
κ¯q,p(Di)
q |Di |1−
q
p
(∫
Di
∣∣∇u(y)∣∣p dy) qp
+ κ¯q,p(Di−1)q |Di−1|1−
q
p
( ∫
Di−1
∣∣∇u(y)∣∣p dy) qp }
) 1
q
 2
|q−1|
q c
1
q
1
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( ∑
D∈W
|D|max{1, (C(D))q−1} ∑
A∈C(D)
κ¯q,p(A)
q |A|− qp
(∫
A
|∇u|p dy
) q
p
) 1
q
︸ ︷︷ ︸
=:III
.
Rearranging the double sum and using (2.7) we obtain
III 
( ∑
A∈W
∑
D∈A(W)
max
{
1, 
(C(D))q−1}|D|κ¯q,p(A)q |A|− qp(∫
A
|∇u|p dy
) q
p
) 1
q
 c
1
q
2
( ∑
A∈W
κ¯q,p(A)
q+ε p−q
p |A|1− qp
(∫
A
|∇u|p dy
) q
p
) 1
q
.
By Hölder’s inequality for sums with (p
q
,
p
p−q ) and (2.6), this yields
III  c
1
q
2
( ∑
A∈W
(
κ¯q,p(A)
q+ε p−q
p |A|1− qp ) pp−q ) p−qpq ( ∑
A∈W
∫
A
∣∣∇u(y)∣∣p dy) 1p
 c
1
q
2 l
p−q
pq
2 N
1
p
(∫
G
|∇u|p dy
) 1
p
.
This completes the proof. 
3. Example: ‘Rooms and passages’
Let G in Rn be a domain such that
G =
∞⋃
i=1
(D2i−1 ∪ P2i ),
where the sets D2i−1 and P2i , i = 1,2, . . . , are defined as follows: Let M,a > 1 and write
dk =∑ki=1 M−i . Define the n-cube
D2i−1 = (d2i−2, d2i−1) ×
(
−1
2
M−(2i−1), 1
2
M−(2i−1)
)n−1
and the passage
P2i = [d2i−1, d2i] ×
(
−1
2
M−2ai , 1
2
M−2ai
)n−1
,
where a > 1; see Fig. 1.
Domain G is a (p,p)-Poincaré domains if and only if p  (n − 1)(a − 1) [6, Remark 5.9],
see also [4, Example 6.1.1]. We will study the case when G is a (q,p)-Poincaré domain, where
1 p < ∞ and 0 < q < p. We will show that the (q,p)-Poincaré inequality acts in similar way
in domain G as in Nikodým’s domain (studied in [7, 2.7 Nikodým’s domain, p. 107]). Note in the
next theorem that if q < (n − 1)(a − 1), then the expression q
n+q (a(n − 1) + 1) is larger than q ,
so p can indeed be larger than q but less than this expression.
3.1. Theorem. If p  q (a(n − 1) + 1), then G is not a strong (q,p)-Poincaré domain.
n+q
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Proof. We have to show that the inequality (2.2) does not hold. Let us first consider the do-
main G ∪ G1 ∪ G2, where G1 is the reflection of G with respect to the hyperplane x1 = 0 and
G2 = (− 12M−1, 12M−1)n. Let uk , k = 1,3,5, . . . , be a sequence of piecewise linear continuous
functions defined by
uk(x) =
{
M
kn
q in Dk,
0 in G \ (Pk−1 ∪ Dk ∪ Pk+1).
First, we extend the functions uk to G∪G1 ∪G2 as odd functions of x1. Then the integral average
of uk over G ∪ G1 ∪ G2 is zero. We have∫
G
∣∣u2i−1(x)∣∣q dx  ∫
D2i−1
M(2i−1)n dx = M(2i−1)nM−(2i−1)n = 1. (3.2)
For the gradient of function uk we obtain∫
G
∣∣∇u2i−1(x)∣∣p dx
=
∫
P2i−2
∣∣∇u2i−1(x)∣∣p dx + ∫
P2i
∣∣∇u2i (x)∣∣p dx

(
M
(2i−1)n
q
M−(2i−2)
)p
M−(2i−2)M−(2i−2)a(n−1) +
(
M
(2i−1)n
q
M−2i
)p
M−2iM−2ai(n−1)
M
np
q M
−(2i−2)((n−1)a+1−p− np
q
) + M− npq M−2i((n−1)a+1−p− npq ) → 0 (3.3)
as i → ∞, whenever
(n − 1)a + 1 − p − np
q
> 0.
Thus G ∪ G1 ∪ G2 is not a strong (q,p)-Poincaré domain with
p <
q
n + q
(
a(n − 1) + 1).
Assume that
p = q (a(n − 1) + 1).
n + q
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vm(x) =
m∑
k=1
u4k−1(x).
Here also the integral average of vm over G ∪ G1 ∪ G2 is zero. By (3.2) and (3.3)∫
G
∣∣vm(x)∣∣q dx m and ∫
G
∣∣∇vm(x)∣∣p dx  Cm
and thus
(
∫
G∪G1∪G2 |vm(x)|q dx)
1
q
(
∫
G∪G1∪G2 |∇vm(x)|p dx)
1
p
Cm
1
q
− 1
p → ∞
as m → ∞. Hence, G ∪ G1 ∪ G2 is not a strong (q,p)-Poincaré domain with p = qn+q ×
(a(n − 1) + 1).
It is easy to check that if G is a strong Poincaré domain with (q,p), then so is G1. Thus
G ∪ G1 ∪ G2 is also a strong Poincaré domain with (q,p), [6, Lemma 5.1]. This completes the
proof. 
3.4. Theorem. If p > q
n+q (a(n − 1) + 1) and p > q , then G is a (q,p)-Poincaré domain.
Proof. We may restrict our attention to 1 p < (n− 1)(a − 1) since for p  (n− 1)(a − 1) the
domain G is a (p,p)-Poincaré domain. In this proof C is a generic constant independent of M
and i.
We consider the sets Ti = D2i−1 ∪ P2i ∪ D2i+1. Since κ¯q,p(Ti) κ¯p,p(Ti), [6, Theorem 3.1
and Lemma 5.1] yields that
κ¯q,p(Ti)
(
C + CM−2i(p+(n−1)(1−a))) 1p .
We do not need to have an optimal value for κ¯q,p(Ti) and hence we may assume that
κ¯q,p(Ti) ≈ M
−2i
p
(p+(n−1)(1−a))
.
The sets Ti , i = 1,2,3, . . . , form a Poincaré collection with (q,p), where the domain T1 is a
fixed domain for the chains.
Next, we show that the conditions (2.5) and (2.6) are valid. We estimate |Ti | ≈ M−2in for
every i and obtain
∞∑
i=1
κ¯q,p(Ti)
pq
p−q |Ti |
∞∑
i=1
(
CM−2i(p+(n−1)(1−a))
) q
p−q |Ti |
 C
∞∑
i=1
M
−2i (p+(n−1)(1−a))q
p−q M−2in
 C
∞∑
i=1
M
−2i( (p+(n−1)(1−a))q
p−q +n).
The last sum converges if (p+(n−1)(1−a))q + n > 0, in other words if
p−q
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q
n + q
(
a(n − 1) + 1). (3.5)
Hence the condition (2.5) is valid. For a fixed q and p, which satisfy (3.5), there exists a positive ε
depending on q , p, n and a, so that the condition (2.6) is valid.
Since the sequence (κ¯q,p(Ti))∞i=1 is bounded away from zero, condition (2.7) is immediate for
0 < q  1. We can therefore assume that q > 1. We obtain
∞∑
j=i

(C(Tj ))q−1|Tj |
 C
∞∑
j=i
j q−1M−2jn
= C
∞∑
j=i
j q−1M
2j
p
(p+(n−1)(1−a)) ε(p−q)
p M
−2j
p
(p+(n−1)(1−a)) ε(p−q)
p M−2jn.
Since
jq−1M
2j
p
(p+(n−1)(1−a)) ε(p−q)
p  C = C(q,p,a,n,M)
for every j = 1,2,3, . . . , this yields
∞∑
j=i

(C(Tj ))q−1|Tj |CM −2ip (p+(n−1)(1−a)) ε(p−q)p M−2in  Cκ¯q,p(Ti)ε p−qp |Ti |.
By Theorem 2.4 this completes the proof. 
By Theorems 3.1 and 3.4 and by [6, Remark 5.9] we obtain the following clarifying remark:
3.6. Remark.
(i) Fix a = 4 and q = 1 and consider the planar case. For 1 < p  53 , our domain G is not a
(1,p)-Poincaré domain (and so not a (p,p)-Poincaré domain), for 53 < p < 3, G is a (1,p)-
Poincaré domain but not a (p,p)-Poincaré domain, while for p  3, G is a (p,p)-Poincaré
domain (and so a (1,p)-Poincaré domain).
(ii) Fix p = 2 and consider the planar case. Then G is a (q,p)-Poincaré domain for q <
min{4/(a − 1),2}.
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